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Abstract

A family H of sets is said to be hereditary if all subsets of any
set in H are in H; in other words, H is hereditary if it is a union
of power sets. A family A is said to be intersecting if no two sets
in A are disjoint. A star is a family whose sets contain at least one
common element. An outstanding open conjecture due to Chvéatal
claims that among the largest intersecting sub-families of any finite
hereditary family there is a star. We suggest a weighted version that
generalises both Chvatal’s conjecture and a conjecture (due to the
author) on intersecting families of signed sets. Also, we prove the
new conjecture for weighted hereditary families that have a dominant
element, hence generalising various results in the literature.
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1 Some basic definitions and notation

We shall use small letters such as x to denote elements of a set or non-
negative integers or functions, capital letters such as X to denote sets, and
calligraphic letters such as F to denote families (i.e. sets whose members are
sets themselves). Unless otherwise stated, it is to be assumed that sets and
families (and sets in families) are finite.

For any integer n > 1, the set {1,...,n} of the first n positive integers
is denoted by [n]. For a set X, the power set of X (i.e. the family of all
subsets of X) is denoted by 2%, and the family of all r-element subsets of X
is denoted by ()f) An r-set is a set of size r.

We denote the union of all sets in a family F by U(F). For any « € U(F),
we denote the family of those sets in F which contain x by F(z).

A family H is said to be a hereditary family (also called an ideal or a
downset) if all the subsets of any set in H are in H. Clearly a family is
hereditary if and only if it is a union of power sets. A base of H is a set in
‘H that is not a subset of any other set in ‘H. So a hereditary family is the
union of power sets of its bases.

A family A is said to be intersecting if any two sets in A contain at least
one common element. If the sets in a family A have a common element x
(i.e. A = A(x)), then A is said to be a star. So a star is an intersecting
family. The simplest example of an intersecting family that is not a star is
{{1,2},{1,3},{2,3}} (ie. (2)).

If U(F) contains an element x such that F(z) is a largest intersecting sub-
family of F (i.e. no intersecting sub-family of F has more sets than F(z)),
then we say that F has the star property at x. We simply say that F has the
star property if either U(F) is the empty set () or F has the star property at
some element of U(F).

For a non-empty set X and z,y € X, let A\, ,: 2% — 2% be defined by

Aea(A) = { E‘lA\{y}) Ve gtiefw?s:,nd w4

and let A, ,: 22% , 22% e the compression operation defined by
Apy(A) = {dey(A): A€ A A y(A) € A U{A € A: Ay (A) € A}

Note that |A,,(A)| = |A|. It is well-known, and easy to check, that A, ,(A)
is intersecting if A is intersecting; [15] is an excellent survey on the proper-
ties and uses of compression (also called shifting) operations in extremal set
theory.



If x € U(F) such that A, ,(F) € F for any F' € F and any y € U(F),
then F is said to be compressed with respect to x. A family F C 2/ is said
to be left-compressed it \; ;(F') € F for any F' € F and any 4,j € [n] with
1< 7.

2 Intersecting sub-families of hereditary fami-
lies

The following is a famous longstanding open conjecture in extremal set theory
due to Chvéatal.

Conjecture 2.1 ([9]) If H is a hereditary family, then H has the star prop-
erty.

This conjecture was verified for the case when H is left-compressed by Chvétal
[10] himself. Snevily [24] took this result (together with results in |23, 25])
a significant step forward by verifying Conjecture 2.1 for the case when H is
compressed with respect to an element x of U(H).

Theorem 2.2 ([24]) If a hereditary family H is compressed with respect to
an element x of U(H), then H has the star property at x.

A special case is when the bases of ‘H contain a common element; this was
settled in [23].

Snevily’s proof of Theorem 2.2 makes use of the following interesting
result of Berge [2].

Theorem 2.3 ([2]) If H is a hereditary family, then H is a disjoint union
of pairs of disjoint sets, together with O if |H| is odd.

This result was also motivated by Conjecture 2.1, and it implies that the size
of an intersecting sub-family of a hereditary family H cannot be greater than
[H|/2.

For any integer s > 0, let H®) = {H € H: |H| = s} and H=Y = {H €
H: |H| < s}. In [5] it is shown that if the size of any base of a hereditary
family H is at least 3(r — 1)%(3r — 4) + r, then for any S C [r], the union
Uses H®) has the star property, and hence the level H(") and the hereditary
sub-family H(S") of H have the star property.

Many other results have been inspired by Conjecture 2.1; see 8, 19].
Interesting variations on this conjecture have been suggested by Snevily; see
|26].



3 Intersecting families of signed sets

Let x1, ..., z, be the distinct elements of an r-set X, and let 44, ..., 4., k be inte-
gers satisfying 1 <y, < kforalli € [r]. We call the r-set {(x1,21), ..., (zr, yr)}
a k-signed set on X. For any integer k > 1, we denote the family of all k-
signed sets on X by Sx, that is,

SX,k: = {{(ajlayl)a ) (‘(Erayr)}: Y1, - Yr € [k]}

We shall set Sy, = 0. For any family F, we denote the union of all families
SF,k with F' € F by S]:’k, that is,

Srr = U Sk

FeF

The ‘signed sets’ terminology was introduced in [4] for a setting that can
be re-formulated as S([n]) .» and the general formulation S, was introduced

in [6], the theme of which is the following conjecture.

Conjecture 3.1 ([6]) For any family F and any integer k > 2, Sry has
the star property.

Obviously we cannot replace k£ > 2 by k > 1, because if F does not have the
star property (for example, F is a non-star intersecting family such as ([g})),
then neither does Sz (since F and Sz have the same structure). The main
result in the same paper is that this conjecture is true if F is compressed

with respect to an element x of U(F).

Theorem 3.2 ([6]) If a family F is compressed with respect to an element
x of U(F), then Sry has the star property at (z,1) for any k > 2.

This generalises a well-known result that was first stated by Meyer [20] and
proved in different ways by Deza and Frankl [11], Bollobas and Leader [4],
Engel [12] and ErdGs et al. [13], and that can be described as saying that
the conjecture is true for F = ([:f]). Berge [3] and Livingston [22] had proved
this for the special case F = {[n|} (other proofs are found in [16, 21]). In [6]
the conjecture is also verified for families F that are uniform (i.e. their sets
are of equal size) and have the star property; Holroyd and Talbot [17] had
essentially proved this in a graph-theoretical context. In |7] the conjecture is
proved for k sufficiently large, depending only on the size of a largest set in

F.

Theorem 3.3 ([7]) Let a, be the size of a largest set in a family F. For
any integer k > max{1, (a,)*(a, —1)/2}, Srx has the star property.



4 Intersecting sub-families of weighted heredi-
tary families

Let R denote the set of real numbers. For any family F and any function
w: F — R (which we call a weight function), we denote the sum ., w(F)
(of weights of sets in F) by w(F). If U(F) contains an element x such that
w(A) < w(F(x)) for any intersecting sub-family A4 of F, then we say that
(F,w) has the weighted star property at x. We simply say that (F,w) has
the weighted star property if either U(F) = () or (F, w) has the weighted star
property at some element of U(F).

We suggest a conjecture that relates Conjectures 2.1 and 3.1 in the sense
that it provides a common generalisation.

Conjecture 4.1 If ‘H is a hereditary family and w: ' H — R such that
w(H) > w(H') for any H,H' € H with H C H', then (H,w) has the weighted
star property.

Theorem 4.2 If Conjecture 4.1 is true, then Conjectures 2.1 and 3.1 are
true.

Proof. Suppose Conjecture 4.1 is true. Then Conjecture 2.1 follows by
taking w(H) = 1 for all H € H, and Conjecture 3.1 follows immediately
from the following lemma. a

Lemma 4.3 Let F be a family, and let H = |Jper 2F . For any H € H, let
Fu={F € F: HCF}. Letk>2 bean integer. Let w: H — R such that
for any H € H,

w(H) =| | {S€Sm: SN(Fx[1])=Hx[1]}|.
FEFy
Then:
(i) H is hereditary;
(i) w(H) > w(H') for any H,H' € H with H C H';
(111) if (H,w) has the weighted star property at an element x of U(H), then
Srr has the star property at (z,1).

This lemma is proved in the next section.

If a family F is compressed with respect to an element z of U(F) and
w(F) < w(Ayy(F)) for any F' € F and any y € U(F), then we say that x is
a dominant element of U(F) under w.

The following is our main result, which establishes Conjecture 4.1 for the
case when U(H) has a dominant element under w.
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Theorem 4.4 Let 'H be a hereditary family, and let w: H — R such that
w(H) > w(H') for any H H'" € H with H C H'. If U(H) has a dominant
element x under w, then (H,w) has the weighted star property at x.

Proof. We use induction on |U(H)|. The case |U(H)| < 2 is trivial, so
we assume |U(H)| > 2. Suppose U(H) has a dominant element x under
w. Let A be an intersecting sub-family of H. Let y € U(H)\{z}, and let
B = A, ,(A). So B is intersecting. Since x is a dominant element of U(H)
under w, we have B C 'H and w(A) < w(B).

Let Z=H(y),Z' = {I\{y}: I €Z} and J = H\H(y) = {H € H: y ¢
H}. Since H is hereditary, Z' and J are hereditary, and Z’ C J. Define
v:I' = Rbyov(l)=wlU{y}) (I €I');s0v(l) >v(l') for any I,I' € T’
with I C I'. Note that z is a dominant element of U(Z’) under v and that x
is a dominant element of U(J) under w.

Let C={B e B(y): z € B, BN B = {y} for some B’ € B{y)} and D =
B{y)\C. Let ' = {C\{y}: C € C}, D' = {D\{y}: D € D} and £ =
B\B{y) ={Be€B:y¢ B}. SoC',D'CZ"and £ C J. Taking F =C' UE,
we have FC J asZ' C J.

Suppose AN B = {y} for some A, B € D. Then, by definition of D, we
have x ¢ Aand x ¢ B. Since B = A, ,(A), \.,(B) € B. But AN\, ,(B) =0,
which is a contradiction as B is intersecting. So (AN B)\{y} # 0 for any
A, B € D. It follows that D’ is intersecting.

Suppose AN B = () for some A, B € F. Since £ is an intersecting family
(as € C B) and each set in C’ contains x, one of A and B is in £ and the other
isin C’;say A € £ and B € C'. But then AN(BU{y}) = 0 and A, BU{y} € B,
which is a contradiction as B is intersecting. So F is intersecting.

Since |U(Z")| and |U(J)| are at most |[U(H)\{y}| = |U(H)| — 1, we can
now apply the inductive hypothesis to obtain v(D') < v(Z'(z)) and w(F) <
w(J(x)). Since v(D') = w(D) and v(Z'(x)) = w(Z(x)), we have w(D) <
w(Z{(x)).

Suppose C'NE contains a set A. So A € B. Let B = AU{y}. Then B € C
and hence BN B’ = {y} for some B’ € B. But then AN B’ = (), which is a
contradiction since B is intersecting. So C'NE = @) and hence |F| = |C'|+ €]
Therefore w(F) = w(C') + w(&).

Bringing all the pieces together and noting that w(C) < w(C’) (by the
condition on w), we obtain

w(A) <w(B) =w(C) +w(D)+w(&

) S w(C) +w(Z(x) + w()
= w(Z(z)) + w(F) < w(Z{zr)) + w

(
(T () = w(H(x))

as required. O



The argument in the above proof is an alternative for the one used by
Snevily [24] for the proof of Theorem 2.2 (and which employs Theorem 2.3);
note that Theorem 2.2 follows from Theorem 4.4 by taking w(H) = 1 for all
H € H. Theorem 3.2 follows from Theorem 4.4 via Lemma 4.3. Theorem 4.4
also has the following consequence.

Corollary 4.5 (See [1, 14]) Let w: 2" — R such that w(A) > w(B) for
any A, B € 2" with |A| < |B|. Then (21", w) has the weighted star property
at any element of [n].

Proof. Obviously 2" is hereditary and w obeys the condition in Theo-
rem 4.4. Now let z € [n]. Let C € 20" y € [n], D = \,,(C). Since
|D| = |C], the condition on w gives us w(D) > w(C) and w(C) > w(D);
hence w(C) = w(Ayy(C)). So z is a dominant element of U(2[") = [n] under
w. The result now follows by Theorem 4.4. a

A nice application of this result is given in [18|.

5 Proof of Lemma 4.3

For an n-set X = {z1,...,z,} and (a,b) € X x [k], let 0qp: Sox j, — Sax j be
defined by

(5(171,(14) = { (A\{(a,b)})U{(a,1)} if (a,b) € A;

1 A otherwise,

and let A, p: 25Xk 5 25Xk he the compression operation defined by
Aup(A) = {0ap(A): A€ A 0,4(A) ¢ AU{A € A: 0,(A) € A}

Note that |A,;(A)| = |A| and that, if F C 2% such that A C Sz, then
Agp(A) € Sz As in the case of A, ,, Ayp(A) is intersecting if A is inter-
secting; moreover, the following holds (see, for example, |7, Corollary 3.2|).

Lemma 5.1 Let X be an n-set {xy,...,x,}, and let k > 2 be an integer. Let
A be an intersecting sub-family of Syx i, and let

A=A, ro0...0A, 20...0A, po..0A, 2(A).

Then AN BN (X x [1]) # 0 for any A, B € A*.



Proof of Lemma 4.3. (i) Trivial.
(ii) Let H, H' € H with H C H'. Then Fy C Fy. We have

wH) = > {S€Spi: SN(Fx 1)) =H x [} = Y (k- 1)1

E&F FEFy
< Z (k —1)IFI-H < Z (k — 1)1

FeFm FeFy
= > S €S SN(Fx (1)) =H x [1]}] = w(H).

(iii) Let A be an intersecting sub-family of Sz . Let A* be as in Lemma 5.1
with X = U(F). Then A* C Sgy. Let B={H € H: An (X x [1]) =
H x [1] for some A € A*}. By Lemma 5.1, B is an intersecting sub-family of
H. Since A* C Sz, we have A* C UpcgUper, A5 € Skt SN (F x [1]) =
B x [1]}. So |A*| < Y pepw(B) = w(B) and hence, since |A| = |A*|,
|A| < w(B).

Now suppose (H,w) has the weighted star property at an element x of
U(H). Then w(B) < w(H(x)). We have

wH@) = > wH)= > | |J{S€8m:Sn(Fx1])=Hx[1]}

HeH(x) HeH(z) |FEFy

=1 U U SeSm:Sn(Fx1])=Hx[1]}| =[Sril(x.1))].

HeH(z) FEFn

Thus, since |A| < w(B) < w(H(x)), we have |A| < [Sg((z,1))|. Hence the
result. O
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